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Overview

Log-linear policy parametrization:

πs,a(θ) =
exp(φ>

s,aθ)∑
a′∈A exp(φ>

s,a′θ)
.

Objective:

min
θ∈Rm

Vρ(θ) = E
s0∼ρ,at∼πst(θ)
st+1∼P(·|st,at)

 ∞∑
t=0

γtc(st, at)
 .

Define the Q-function Q(θ) and the advantage function A(θ).

Natural Policy Gradient (NPG) Method:

θ(k+1) = θ(k) − ηkFρ

(
θ(k))† ∇θVρ

(
θ(k)), (1)

where∇θVρ

(
θ(k)

)
is the policy gradient, Fρ(θ) is the Fisher informa-

tion matrix and dθ is the state visitation distribution:

∇θVρ(θ) = 1
1 − γ

Es∼dθ, a∼πs(θ) [As,a(θ) ∇θ log πs,a(θ)] ,

Fρ(θ) def= Es∼dθ, a∼πs(θ)

[
∇θ log πs,a(θ)

(
∇θ log πs,a(θ)

)>]
,

dθ
s
def= (1 − γ)Es0∼ρ

 ∞∑
t=0

γt Prπ(θ)(st = s | s0)
 .

NPGwith Compatible Function Approximation

We define the compatible function approximation error as

LA(w, θ, ζ) def= E(s,a)∼ζ

[(
w>∇θ log πs,a(θ) − As,a(θ)

)2]
.

The NPG update (1) is equivalent to

θ(k+1) = θ(k) − ηkw
(k)
? , w(k)

? ∈ arg min
w∈Rm

LA

(
w, θ(k), d̄ (k)),

where d̄ (k) is the state-action visitation distribution

d̄ (k)
s,a

def= dθ
sπ

(k)
s,a = (1 − γ)Es0∼ρ

 ∞∑
t=0

γt Prπ(k)(st = s, at = a | s0)
 .

Consider a more general state-action visitation distribution

d̃ (k)
s,a

def= (1 − γ)E(s0,a0)∼ν

 ∞∑
t=0

γt Prπ(k)(st = s, at = a | s0, a0)
 ,

we proceed the following approximate NPG update rule:

θ(k+1) = θ(k) − ηkw
(k), w(k) ≈ arg min

w
LA

(
w, θ(k), d̃ (k)).

We can define the compatible function approximation error as

LQ(w, θ, ζ) def= E(s,a)∼ζ

[(
w>φs,a − Qs,a(θ)

)2]
and derive a variant of the approximate NPG update calledQ-NPG:

θ(k+1) = θ(k) − ηkw
(k), w(k) ≈ arg min

w
LQ

(
w, θ(k), d̃ (k)).

NPG as Policy Mirror Descent

Given w(k) an approximate solution for minimizing LA

(
w, θ(k), d̃ (k)

)
,

we can write the approximate NPG as a mirror descent update:

π(k+1)
s = arg min

p∈∆(A)

{
ηk

〈
Φ̄(k)

s w(k), p
〉

+ KL(p, π(k)
s )

}
, ∀s ∈ S, (2)

where Φ̄(k)
s ∈ R|A|×m is a matrix whose rows consist of the centered

feature maps φ̄s,a(θ(k)) defined as

∇θ log πs,a(θ) = φ̄s,a(θ) def= φs,a − Ea′∼πs(θ) [φs,a′] .

NPG Algorithm

Algorithm 1NPG: Natural Policy Gradient

Input: initial state-action distribution ν, policy π(0), step size η0 > 0,
NPG-SGD for minimizing LA

(
w, θ, d̃ θ

)
1: For k = 0, . . . , K − 1 do:
2: Call NPG-SGD to obtain w(k)

3: Update θ(k+1) = θ(k) − ηkw
(k) and ηk

Output: last iterate π(K)

Convergence analysis (1/2)

Two key ingredients:

I Performance difference lemma [2] : For any policy π(θ), π(θ′),

Vρ(θ) − Vρ(θ′) = 1
1 − γ

E(s,a)∼d̄ θ [As,a(θ′)] .

I Three-point descent lemma [1, 3] : Suppose that C ⊂ Rm is a

closed convex set, f : C → R is a proper, closed convex function,
Dh(·, ·) is the Bregman divergence generated by a function h of

Lengendre type and rint dom h ∩ C 6= ∅. For any x ∈ rint dom h,

let

x+ ∈ arg min
u ∈ dom h ∩ C

{f (u) + Dh(u, x)}.

Then x+ ∈ rint dom h ∩ C and for any u ∈ dom h ∩ C,
f (x+) + Dh(x+, x) ≤ f (u) + Dh(u, x) − Dh(u, x+).

Decompose the compatible function approximation error as

LA

(
w(k), θ(k), d̃ (k)) = LA

(
w(k), θ(k), d̃ (k)) − LA

(
w(k)

? , θ(k), d̃ (k))︸ ︷︷ ︸
Statistical error (excess risk)

+ LA

(
w(k)

? , θ(k), d̃ (k)).︸ ︷︷ ︸
Approximation error

Convergence analysis (2/2)

Define the distribution mismatch coefficient of p relative to q as∥∥∥∥∥∥pq
∥∥∥∥∥∥∞

def= max
s∈S

ps

qs
.

Let π∗ be an arbitrary comparator policy. We define

ϑρ
def= 1

1 − γ

∥∥∥∥∥∥d
π∗

ρ

∥∥∥∥∥∥∞
≥ 1

1 − γ
.

Assumption 1: There exists εstat, εapprox > 0 such that for all iter-
ations k ≥ 0 of the NPG method (2), we have

E
[
LA

(
w(k), θ(k), d̃ (k)) − LA

(
w(k)

? , θ(k), d̃ (k))] ≤ εstat,

E
[
LA

(
w(k)

? , θ(k), d̃ (k))] ≤ εapprox.

Assumption 2: There exists Cν < ∞ such that for all iterations

k ≥ 0 of the NPG method (2), we have

E(s,a)∼d̃ (k)


d̄ (k+1)

s,a

d̃
(k)
s,a

2 ≤ Cν and E(s,a)∼d̃ (k)


 d̄ π∗

s,a

d̃
(k)
s,a

2 ≤ Cν.

Theorem: Fix a state distribution ρ, a state-action distribution

ν, and a comparator policy π∗. We consider the NPG method (2)

with the step sizes satisfying ηk+1 ≥ 1
γηk. Then for all k ≥ 0,

E
[
Vρ(π(k))

]
− Vρ(π∗) ≤

1 − 1
ϑρ

k 2
1 − γ

+
√

Cν (ϑρ + 1)
1 − γ

(√
εstat + √

εapprox
)

.

Corollary: By further assuming that the feature maps are

bounded and the Fisher information matrix is non-degenerate,

we obtain an Õ(1/ε2) sample complexity for NPG.

Remark: Similar linear convergence and Õ(1/ε2) sample complex-
ity results can be established for Q-NPG.

Take-away

We show that both NPG and Q-NPG with log-linear policies en-

joy linear convergence rates and O(1/ε2) sample complexities
using a simple, non-adaptive geometrically increasing step size.
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