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Overview

Consider the op miza on problem

w∗ = arg min
w∈Rd

1
n

n∑
i=1

fi(w) def= f (w), (1)

where fi is strictly convex and twice differen able, and n, d � 1.

First-order methods: SVRG [2], SAG [5], etc. Issue: require

parameter tuning, and/or knowledge about the problem

Second-order methods: SQN [1], IQN [4], SNM [3]

Issues: not incremental, or too expensive even for GLMs (O(d2))

Derivation of SAN : split the functions, sample, linearize & project

The op mality condi on of (1) is ∇f (w) = 1
n

∑n
i=1 ∇fi(w) = 0.

Split the op mality condi ons with slack variables :

1
n

n∑
i=1

αi = 0, (2)

αi = ∇fi(w), ∀i ∈ {1, . . . , n}. (3)

The advantage of (2–3) is that each gradient lies on a separate equa-

on. This mo vates us to sample one equa on per itera on, and

project our current iterate on the lineariza on of this equa on.

More concretely, given a current iterate wk, αk
1, . . . , αk

n ∈ Rd :

I with probability 1
n+1, we sample equa on (2) (which is linear) and

project onto its set of solu ons:

αk+1
1 , . . . , αk+1

n = argmin
α1,...,αn

n∑
i=1

‖αi − αk
i ‖2 s.t.

1
n

n∑
i=1

αi = 0. (4)

Iwith probability 1
n+1, we sample the j-th equa on of (3), and project

onto the set of solu ons of its lineariza on at wk:

αk+1
j , wk+1 = argmin

αj,w∈Rd

‖αj − αk
j‖2 + ‖w − wk‖2

∇2fj(wk) (5)

s.t. ∇fj(wk) + ∇2fj(wk)(w − wk) = αj.

In this step the main iterate wk is updated, and we chose to project

it w.r.t. the metric induced by the Hessian.

Closed form expression for SAN

The projec on steps in (4-5) can be made explicit:

Algorithm 1 SAN: Stochas c Average Newton

Input: {fi}n
i=1, max itera on T

1: Ini alize α0
1, · · · , α0

n, w0 ∈ Rd

2: For k = 1, . . . , T do:

3: Either with probability 1
n+1, update:

4: αk+1
i = αk

i − 1
n

n∑
j=1

αk
j , for all i ∈ {1, · · · , n}

5: Or with probability 1
n+1, sample j ∈ {1, · · · , n} and update:

6: dk =
(
Id + ∇2fj(wk)

)−1 (
∇fj(wk) − αk

j

)
7: wk+1 = wk − dk

8: αk+1
j = αk

j + dk

Output: last iterate wT+1

SAN perform Newton-like steps on wk w.r.t sampled func ons,

while averaging the slack variables αk
i from me to me.

Convergence analysis

Assump on: the fi are µf-strongly convex and have a Lf-

Lipschitz con nuous gradient.

Theorem: Let (wk, αk
1, . . . , αk

n)k∈N be a sequence generated by

SAN, and w∗ = argminf . Under technical assump ons, we have

E
[
‖wk − w∗‖2] +

n∑
i=1

E
[
‖αk

i − ∇fi(w∗)‖2] ≤ C(1 − ρ)k a.s.

where C and ρ depend on µf , Lf , x0.

Take-away

We develop a second order method that is 1) incremental, 2) ef-

ficient, 3) scales well with the dimension d, 4) requires no knowl-

edge from the problem, 5) neither parameter tuning.

Numerical experiments

We evaluate SAN on a L2-regularized logis c regression problem:
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dataset dimension (d) samples (n) sparsity condi on number

webspam 254 + 1 350000 0.6648 6.9973 × 10255

epsilon 2000 + 1 400000 0.0 3.2110 × 1010

rcv1 47236 + 1 20242 0.9984 5.3915 × 1025

real-sim 20958 + 1 72309 0.9976 1.3987 × 1020

Table 1. Details of the binary data sets used in the logis c regression experiments

memory memory access data access computa onal cost

SAN O(nd) O(d) O(1) O(d)
SAG O(nd) O(d) O(1) O(d)
SVRG O(d) O(d) O(1) O(d)

Table 2. Average cost per itera on of various stochas c methods applied to GLM.
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